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ABSTRACT

OBJECTIVE: This study aims to propose a comprehensive alternative to the Bland-Altman plot
method, addressing its limitations and providing a statistical framework for evaluating the
equivalences of measurement techniques. This involves introducing an innovative three-step
approach for assessing accuracy, precision, and agreement between techniques, which enhances
objectivity in equivalence assessment. Additionally, the development of an R package that is
easy to use enables researchers to efficiently analyze and interpret technique equivalences.

METHODS: Inferential statistics support for equivalence between measurement techniques
was proposed in three nested tests. These were based on structural regressions with the
goal to assess the equivalence of structural means (accuracy), the equivalence of structural
variances (precision), and concordance with the structural bisector line (agreement in
measurements obtained from the same subject), using analytical methods and robust approach
by bootstrapping. To promote better understanding, graphical outputs following Bland and
Altman’s principles were also implemented.

RESULTS: The performance of this method was shown and confronted by five data sets from
previously published articles that used Bland and Altman’s method. One case demonstrated
strict equivalence, three cases showed partial equivalence, and one showed poor equivalence. The
developed R package containing open codes and data are available for free and with installation
instructions at Harvard Dataverse at https://doi.org/10.7910/DVN/AGJPZH.

CONCLUSION: Although easy to communicate, the widely cited and applied Bland and
Altman plot method is often misinterpreted, since it lacks suitable inferential statistical support.
Common alternatives, such as Pearson’s correlation or ordinal least-square linear regression, also
fail to locate the weakness of each measurement technique. It may be possible to test whether
two techniques have full equivalence by preserving graphical communication, in accordance
with Bland and Altman’s principles, but also adding robust and suitable inferential statistics.
Decomposing equivalence into three features (accuracy, precision, and agreement) helps to
locate the sources of the problem when fixing a new technique.

DESCRIPTORS: Confidence Intervals. Statistical Inference. Data Interpretation, Statistical.
Regression Analysis.
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INTRODUCTION

Bland and Altman’s' paper, which has become well-known and is widely used in various
medical fields, introduced a graphical approach to compare two measurement techniques
using peak flow meters. This method has been used to compare modern peak flow meters?,
DNA sequencing methods?®, athletes’ performances’, blood pressure measurements®, muscle
tone quantifications®, and validations of self-reported height and weight’. It has been
referenced in over 35,000 scientific publications.

In short, Bland-Altman plots assess the 95% limit of agreement (LoA) given by a band from
the mean difference +1.96 standard deviation of the measurements of two techniques. If the
range between the lower and upper LoA is clinically unimportant, the techniques are assumed
to be equivalent®°. More recently, confidence intervals were added into the upper and lower
LoA'"% to provide a tolerance range. However, this tolerance only provides the band limits
with a statistical test, not with an additional decision for technique equivalence. The Bland-
Altman plot method is, therefore, subjective®. Clinical importance is attributable by the
researcher as a threshold, in situations such as the acceptance of a null hypothesis only by
visual inspection of the graph, without any inferential statistical support or measurement
of the equivalence level.

Due to alack of statistical support, the equivalence approach led to misunderstandings
and anecdotal data interpretation, sometimes contradicting the original author’s
recommendation. It is often misinterpreted that “two exams are equivalent when the
majority of data are within the band limits,”®" which is always true, ranging from 75% to
100% independently of data distribution according to Chebychev’s inequality theorem'",
or that “the points inside the band must be uniformly distributed,” which was never
stated by the original authors. The Bland-Altman plot method is insufficient, as it only
provides a visual decision.

Although widely used, the Bland-Altman plot method lacks a clear null hypothesis on method
equivalence and, consequently, cannot guide statistical decision-making, and it relies on
subjective judgment through visual inspection'. The available packages, in R language, are
not sufficiently clear and do not provide a comprehensive solution to determine when two
measurement techniques can be considered equivalent.

Our study applied a three-step statistical decision, allowing the researcher to determine
if there are enough elements to reject the equivalence of two techniques. The solution
includes three nested tests with p-values and robust statistical decisions by bootstrapping.
This method was implemented into a freely distributable R package and the whole analysis,
including statistics and graphical outputs, only requires one command line to be executed
by the researchers.

METHODS

This investigation proposes the addition of statistical criteria to Bland and Altman’s plot
method'. Since it is a purely theoretical approach, it was not submitted to an ethics committee.

The R package containing open codes and sample data is available for free and with
installation instructions on the Harvard Dataverse®.

Rationale

We propose three steps to claim strict equivalence between measurement techniques:
checking (1) the equivalence of structural means (equality of accuracy), (2) the structural
variances (equality of precision), and (3) the agreement with the structural bisector line
(equal measurements obtained from the same subject). Full equivalence can be assumed
when none of the tests reject equivalence. This study considered a 5% significance level.
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At first, this statistical approach may seem somewhat convoluted because it occurs when
researchers have only observed the data, and decisions depend on structural, non-observable
values. The obscure term ‘structural’ refers, in this context, to true values, estimated from
a statistical approach necessary to purge observed measures from measurement errors*">*.

Regressions applied to all three tests are not crude, but rather statistical artifices that
connect structural values with functional procedures, providing conclusions on accuracy,
precision, and agreement. This approach combines scattered statistical theoretical results
from 1879 to 2015'-**"*, The tests are conceptually nested and propose inference based
on solid mathematical foundation. The final test, which is also the most important one,
assesses agreement with the bisector, demonstrating the reliability of the values obtained
from the two measurement techniques applied to each individual. This test depends on
the Deming regression'"'®, which had its basic theorem developed over a century ago®.
However, it would not make sense to authenticate such agreement if the two methods
did not measure with equal precision—test 2, based on the theorem demonstrated by
Shukla in 1973**—and nor with the same accuracy, introducing a bias—test 1, based on
Hedberg and Ayers in 2015%.

Bootstrapping® was also used to compute confidence intervals in addition to analytical
tests. It was shown in graphics to support the researcher’s interpretation and to make
it easier to communicate results. In our application, bootstrapping was represented by
shadowed areas containing 95% of all resampled regressions, which is assumed to be the
area containing the true populational regression.

The main concepts, balancing the connection between structural null hypotheses and their
functional correspondences, are outlined in the following topics.

Observed and true variable values

Measurements provided from a reference technique A and candidate under assessment
technique B (each technique was applied once to each subject), according to the physics
error theory, resulted in:

B:y=Y+§

A:x=X+¢€ @
in which

y and x ...are independent pairs of observed measurements,

Y and X ...are the true correspondent measurements,

6 and € ...are independent measurement errors with a null average.

These error terms appear because all measurement techniques have a certain degree of
imprecision. Assuming that Y and 9, and X and € are also statistically independent and
that these errors have no preferential direction (null averages, E[§] = 0 and E[€] = 0), the
mean of all observed values is equal to the mean of the true values (y =Y and X = X), which
is demonstrated by their respective expected (E) values:

E[y] = E[Y + 8] =E[Y] + E[8] = E[Y]
E[x] = E[X + €] = E[X] + E[€] = E[X] ©)

Consequently, the observed mean difference between techniques is also equal to the
structural bias (7 - X = Y - X). These equalities allow the functional computation and
structural hypotheses to correspond, reducing all three nested tests to two ordinary least
square linear regressions and one Deming regression. The relationship between structural
and functional tests will be described in the following topics.

https://doi.org/10.11606/s1518-8787.2024058005430
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Test 1: accuracy

In the analysis of covariance (ANCOVA), Hedberg and Ayers applied a covariate with
measurement error to test mean structural equality for these repeated measure designs®.
This simple linear regression applies the differences between measurements obtained from
the same subjects, y, - x,, and the centered value of the reference measurement, x, - X.

The null hypotheses:

structural H : E[X] =E[Y ]

functional H : a=0

computing the regression y, - x, = o + B(x, - X) + v, 3)
in which v, is the error term.

By centering values on the x axis, by subtracting X from each original value, x,, the intercept
of aregression line, a, becomes more meaningful as it corresponds to the mean of y — x, while
the slope, 3, is not affected. This artifice allows us to assess the equivalence of measurement
means from different techniques, with the intercept representing the mean difference.
Analytically, the null hypothesis of no mean difference is not rejected when zero is in the
95% confidence interval of the intercept.

Graphically, the regression intercept is the mean of y - x and located where the line crosses
the y axis. The null hypothesis is (0, 0), meaning no difference between techniques. If
bootstrapping shows (0, 0) outside the 95% confidence interval, the null hypothesis is rejected.

Test 2: precision

The verification of equal variability of measurement errors in two techniques is based on
Shukla?* and was also independently adopted by Oldham? without widespread application.
The null hypotheses are:

structural H : A=V[8] / V[e]=1

functional H : p(x-y,x+y)=0

computing the regressiony, - x, = o + B(x, +y) + 6, )
in which 8, is the error term.

The structural null hypothesis computes lambda as the ratio between the variability of
measurement errors. If the variability of errors is similar (A = 1), the precisions of both
techniques are similar.

It was demonstrated that a regression of y - x against x + y can detect unequal precisions,
as the slope of the regression will not be null when the true value of A = 1***'. Analytically
and graphically, the null hypothesis of equal precisions is rejected if a horizontal line cannot
be fitted into the 95% confidence band defined by the functional regression. Note that
when each technique is applied to each subject more than once, it requires correction for
computing A —which was implemented according to the NCSS Manual®. The axes proposed
by Shukla are the same ones used in Bland and Altman’s original concept', which shows
that the original method only compares the precision between measurement errors and is
not a full equivalence test.

Test 3: bisector line agreement

This test applies the Deming regression to verify if two measurement techniques measure
the same values in the same subjects'"***~*°, While the ordinary least square regression
considers the independent variable x as free of measurement error, the Deming regression
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reasonably takes errors in both measurement techniques into account. Linnet* studied
several regression methods, showing that the Deming regression is robust and performs
better than the ordinary least square regression.

When true values measured by two techniques coincide, ordered pairs of these measures
follow the true bisector line. Therefore, the null hypotheses are:

structural H ,: Y=Xor
Y-X=a+(B-1)X,inwhicha=0and =1

functional H ,: E[y] =x

computing the regressiony, - x = a+ (B -1)x,+ 8 - B€, (5)
in which 8 and €, are error terms.

Contrary to the ordinary least square regression statistical, which considers {3 = 0, the Deming
regression verifies if the slope of the regression line is equal to 1 (8 = 1), which represents
the bisector line agreement. In addition,  simultaneously appears as the regression slope
multiplying x and as part of the regression overall error term (8§ - $€). Transitively, it implies
that x becomes correlated with the combined error, preventing the computation of an
ordinary least square regression®"*%*-*

The Deming regression also depends on A, estimated in the previous step, to compute
the true X and Y values before the computation of the regression estimates. When the
value of lambda is not assumed to be 1, it affects the band width. Analytically, the null
hypothesis is rejected if a = 0 and = 1. Since these two parameters are estimated
together, the Bonferroni correction is applied to control the probability of a type I error
and preserve test power (effective significance level is 2.5%). Graphically, two alternative
statistical approaches were implemented for the bisector line agreement: the assessments
of the 95% prediction ellipse and of the 95% confidence band of regression, both done
by bootstrapping. In the first one, the null hypothesis is to be rejected if (B, ) is not
inside the ellipse, in the second one, if the bisector line cannot fit inside the band. These
methods test intercept and slope together and provide stronger statistical power than
an independent assessment of these two factors.

Translations

The three tests were conducted using both analytical (based on p value) and graphical
(based on bootstrapping) approaches. Due to differences in accuracy, there are cases
in which the analytical approach indicates no rejection of the null hypothesis while
the graphical approach shows lines outside the confidence bands during precision and
bisector line agreement tests. This discordance can be attributed to bias in a particular
technique, as shown in the examples of Figures 1 and 2 (which are, respectively, cases
without and with bias). Therefore, a combination of analytical and graphical approaches
is necessary for better interpretation of precision and agreement®, especially in the
presence of biased means.

The bias in accuracy can be corrected by translating lines according to the amount of bias
computed. This correction enables the analytical approach to align with the graphical one,
positioning lines inside the confidence band obtained by bootstrapping. For a precision
test, the null hypothesis is not rejected when a horizontal line shifted by the bias can fit
into the 95% confidence band (as shown in the examples of Figurel [top-right panel] and
Figure 2 [central panel]). Similarly, in the bisector agreement test, non-rejection of the null
hypothesis occurs when the lines that are parallel to the bisector line, translated by the
bias range, can fit into the 95% bootstrapping confidence regression band (as shown in the
examples of Figurel [bottom-left panel] and Figure 2 [right panel]).

https://doi.org/10.11606/s1518-8787.2024058005430
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RESULTS

We revisited five data sets: one from the original Bland and Altman data’ (case 1), three
from Bland and Altman® (case 2), and another one from data provided by Videira and
Vieira®® (case 3).

Case 1

Bland and Altman’ proposed a graphical plot method which aimed to assess the equivalence
of two peak expiratory flow rate (PEFR) measurement techniques: the Wright Peak Flow
and Mini Wright Peak Flow meters. Our study, which involved 17 subjects, considered
both of these instruments to be strictly equivalent. Figure 1 displays several statistical
tests, including accuracy, precision, and bisector concordance, with p-values of 0.4782,
0.6525, 0.6726 and 0.6456, respectively. The structural regression bands were obtained
by bootstrapping. Results show the null hypothesis inside the 95% confidence interval
for accuracy, within the 95% confidence band defined by the structural regression for
precision, and also inside the 95% confidence band defined by Deming regression for
bisector concordance (A = 1.692). Additionally, the bottom-left panel shows the 95%

Accuracy ... HO: (0,0) inside 95% Confidence Band: Precision ... HO: (x,0) inside 95% Confidence Band:
not rejected by functional test (p = 0.4782) not rejected by functional test (p = 0.6525)
HO: accuracy point(0,0) i HO: precision line horizontal (x,0)

with translation from —11.1664 to 21.8986

inside 95% CI [-11.1664, 21 898@1 not rejected

100
1

n: 17 data pairs inside 95% CB: not rejected
bootstrapping: 5000 resamplings n: 17 data pairs
o i bootstrapping: 5000 resamplings
o 3 a8
| |
z z
= =
c o
L L ©
L L
o o
B 3
I |
200 100 0 100 200 300 400 500 600
PEFR - mean(PEFR) (PEFR + PEFRMINI)/2
Agreement ... HO: bisectrix inside 95% Confidence Band: Classical Bland & Alt 's plot
not rejected by Deming Reg. (p(slope=1):0.6726, p(intcp=0):0.6456) assical blan man's plo
HO: reliability line IV=DV B 8-
g _  with translation from —11.1664 to 21.8986 o 1
™ | inside 95% CB: not rejected o N
lambda = 1.692066 o
o . —
g1 n:17 data pairs T 2
_ bootstrapping: 5000 resamplings Lulj
Z o [a [N ° o *
S 57 | .
E N . B -
W o ) : é 1 f 7
oS- 0:intep.=[~11.17,21.9], = .
g - . slope=1 o
= o 23 ! not rejected u s ?
S A L = o 1
@ S : € - .
% : Bl e
= 3 ? i I
07 09 11 13 &5
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True[PEFR] ( PEFR1|PEFR2 + PEFRmini1|PEFRmini2 )/2

Figure 1. Graphical representation from accuracy, precision, and bisector concordance tests showing that peak flow measurements from Wright
and Mini PEFR are strictly equivalent. See text, case 1. A traditional Bland-Altman plot is depicted for comparison with the precision test.
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Accuracy ... HO: (0,0) inside 95% Confidence Band: Precision ... HO: (x,0) inside 95% Confidence Band: Agreement ... HO: bisectrix inside 95% Confidence Band:
rejected by functional test (p = 1.34e-11) not rejected by functional test (p = 0.6239) rejected by Deming Reg. (p(slope=1):0.5302, p(intcp=0):0.0090)

HO: reliability line IV=DV

250

HO: accuracy point(0,0) HO: precision line horizontal (x,0) yvith translation from 1.1 .7007 to 20.4853
inside 95% CI [11.7007, 20.4853]: rejected with translation from 11.7007 to 20.4853 inside 95% CB: not rejected

n: 85 data pairs 8 8. inside 95% CB: not rejected lambda = 2.222560

bootstrapping: 5000 samplings " | n:85data pairs n: 85 data pairs

200

bootstrapping: 5000 resamplings bootstrapping: 5000 resamplings

50
True[S]
150

Ho:intep.=[11.7,20.49],
| slope=1
riot rejected

30

intercept
10

100

50

-40 -20 0 20 40 60 80 100 120 140 160 180 200 220 50 100 150 200 250
J - mean(J) J+8)2 True[J]

Figure 2. Comparison of systolic blood pressure measured by a human observer ] and an automatic machine S showing a structural bias
(overestimation by S) at accuracy test, and concordance at the precision test and bisector test. See text, case 2(a).

prediction ellipse, an alternative way to test slope and intercept together. A traditional
Bland-Altman plot was also included for comparison; note that the axes are the same as
those used in the precision test.

Case 2
Bland & Altman® provided three other examples of ways to apply their graphical method.

(1) In a comparison between systolic blood pressure measurements taken by an observer and
an automatic machine, a systematic bias towards the machine was detected (n = 85). While
the authors concluded that equivalence could not be assumed in this case, due to a large
interval range, our analysis showed that the observer and machine may be interchangeable
after deducting the bias. The structural bias is represented by the 95% confidence interval
above the diamond, but the measurements passed precision and bisector line agreement
tests. The intercept is inside the 95% prediction ellipse, and the non-null intercept cannot
be corrected by traditional analytical approaches (Figure 2).

(2) The second example compares how two techniques, Nadler and Hurley, estimate the
percentage of plasma volume in blood (n = 99). The original authors found increasing bias
towards Nadler’s technique, since it had greater average values. Two strategies were then
proposed to verify equivalence: logarithm transformation and scaling Hurley multiplied by
1.11. Figure 3 shows our approach, which confirms no equivalence between methods in any
ofthe three tests (Figure 3, upper row). Logarithm transformation does not solve structural
bias but leads to equivalences in precision and agreement lines (Figure 3, second row). The
multiplication of Hurley values by 1.11 is a more successful strategy, with marginal failure
for accuracy (Figure 3, third row). Using our approach, we found strict equivalence after
multiplying Hurley values by approximately 1.1038, resulting in improved precision and
agreement line tests (Figure 3, lower row).

(3) Bland and Altman' compared fat content in human milk (n = 45) using enzymic hydrolysis
of triglycerides and then the standard Gerber technique. They found that one technique
overestimated smaller values and underestimated greater ones, thus requiring traditional
lines to be adjusted into a slanting band formed by two straight lines, to accommodate these
differences. Our proposal (Figure 4) naturally produced a slanted band, making adjustments
unnecessary. Our results contradict the authors’ conclusion that the two techniques are
equivalent in precision and agreement.

Case 3

Using questionnaires, Videira and Vieira®* compared anesthesiologists’ self-perception
with their peers’ perceptions regarding their skills in deciding on the use of neuromuscular
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blocking drugs (n = 88). They found that self-perception and peer perception did not match;
the subjects overestimated their abilities compared to their colleagues. Our approach
(Figure 5) identified this bias as the “above-average effect” (tendency to consider oneself as
better qualified) and also shows that the two perceptions are not equivalent.

Accuracy ... HO: (0,0) inside 95% Confidence Band: Precision ... HO: (x,0) inside 95% Confidence Band: Agreement ... HO: bisectrix inside 95% Confidence Band:
rejected by functional test (p = 9.28e-69) rejected by functional test (p = 1.35e—06) rejected by Deming Reg. (p(slope=1):9.168e-08, p(intcp=0):0. 4843)
HO: accuracy point(0,0) : HO: precision line horizontal (x,0) HO: reliability line IV=DV /
inside 95% Cl [-9.7048, -8.8265); rejected  __With translation from -9.7048 to -8.8265 with translation from —9.7048 to -8.8265
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2 2 8 g i
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Accuracy ... HO: (0,0) inside 95% Confidence Band: Precision ... HO: (x,0) inside 95% Confidence Band: Agreement ... HO: bisectrix inside 95% Confidence Band:
rejected by functional test (p = 0.0125) not rejected by functional test (p = 0.3632) not rejected by Deming Reg. (p(slope=1):0.2906, p(intcp=0):0. 4695)
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HO: accuracy point(0,0) HO: precision line horizontal (x,0) < with translation from 0.0811 to 1.0384
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Figure 3. Comparison of the percentage of plasma volume in blood provided by two different equations (Nadler and Hurley methods)
using raw data (upper panels), logarithm transformation (second row), Hurley measurements x 1.11 (third row), and Hurley measurements

x 1.1038. See text, case 2(b).
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HO: reliability line IV=DV
HO: accuracy point(0,0) «  HO: precision line horizontal (x,0) with translation from -0.0259 to 0.0263
inside 95% CI [-0.6259, 0.0263]: not rejected S with translation from —0.0259 to 0.0263 inside 95% CB: rejected
n: 45 data pairs inside 95% CB: rejected © 1 lambda = 1.387022
bootstrapping: 5006sresamplings « | n:45 data pairs n: 45 data pairs
° © | bootstrapping: 5000 resamplings bootstrapping: 5000 resamplings
o o =
= S F s _g <4
| l &
1] 9] 9 8.
?, . g g 1 < = 0:intcp.=[-0.03,0.03],
S [0} e T . sh_;ps:L
S rejected
= = N9 S 1
N 7] g' |
E 1.
w |
o~ o S
3 3 : T Y
o 100 102 104  1.06
slope
<] ]
-2 -1 0 1 2 3 1 2 3 4 5 6 0 2 4 6
Trig — mean(Trig) (Trig + Gerber)/2 True[Trig]

Figure 4. Comparison of the content of fat in human milk measured by glycerol released by enzymic hydrolysis of triglycerides (Trig) and by
the standard Gerber method. These two methods measured equal average (left panel), but are not strictly equivalents in precision (central
panel) or by bisector concordance (right panel). See text, case 2(c).
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Figure 5. Graphical representation of anesthesiologists’ self-perception and peers’ perception about their skills in deciding on the use of
neuromuscular blocking drugs showing no equivalence in accuracy and precision. See text, case 3.

DISCUSSION

Bland and Altman’s analysis emphasizes clinical significance, and their plots largely ignore
statistical inference, relying on visual inspection to draw what Watson and Petrie regard
as subjective conclusions'®. Our contribution adds an objective statistical inference to this
method and locates causes of non-equivalence by isolating accuracy, precision, and bisector
agreement, but it still follows the original Bland and Altman idea, preserving graphical
outputs that facilitate communication®.

Altman and Bland argued that “the use of correlation is misleading” and insufficient
for comparing clinical measurements®. They also emphasized that “comparability of
techniques of measurement is an estimation problem: statistical significance is irrelevant™".
We respectfully disagree from the latter statement because it is necessary to compare related
measurement techniques with proper confidence intervals. In fact, we looked for statistical
treatment comparing any two related measurement techniques and for a proper method
to compute confidence intervals, to replace non-informative Chebychev’s intervals with
or without additional LoA flexibilization or adaptations, which create the slanted limits of
agreement that these authors erroneously proposed*.

In this study, we analyzed five published data sets using the Bland and Altman plot
method. The three-step tests we proposed implemented statistical support and were
able to locate the sources of non-equivalence between techniques. In the case of peak
flow expirometers', for instance, we found that there was strict agreement in accuracy,
precision, and agreement line. The other three data sets®” are examples of solvable
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equivalence between methods; our three-step tests, however, provide solutions more
effectively. Finally, for the data set of Videira and Vieira's*study, our approach showed
the conceptual importance of nested tests, demonstrating that correcting the bias
alone to assess the mean difference would result in a meaningless decision from the
bisector line (third test) due to discrepancies in precision (second test). Without taking
into account the nesting nature of our approach, one could have accepted equivalence
despite the differences in precision.

There are other packages that address the Bland-Altman plot method in R: blandr, MethComp,
MethodCompare, and mcr. The blandr* package provides various ways to display the
traditional plot, including limits of agreement (LoA) confidence intervals. Just like in
the original method, the decision in blandr is solely based on visual inspection, and the
Deming regression, which we consider to be the fundamental part for assessing complete
equivalence between two measurement methods, is not applied. Interestingly, the example
in the blandr.method.comparison function, from the blandr package, states that “Paired
t-tests evaluate significant differences between the means of two sets of data. They do not
test agreement, as the results of a t-test can be hidden by the distribution of differences,”
“Correlation coeflicients only tell us the linear relationship between 2 variables and nothing
about agreement,” and “Linear regression models are conceptually similar to correlation
coefficients, and again tell us nothing about agreement.” However, despite these correct
statements about the limitations of these statistics, all three insufficient statistics were
still computed in the example.

MethodCompare® is a package with a small set of functions and aims to compare bias
with precision. The author of this package, Patrick Taffé, was cited in this article®", and he
aims to improve the confidence intervals of limits of agreement. Respectfully, we believe
that studies focused on LoA'"" do not address the fundamental issue of equivalence
between methods. They are improvements of a secondary aspect of the Bland-Altman
plot method, which already faces the problem of dealing with an uninformative interval,
as discussed below.

MethComp** implements several maneuvers accumulated in the literature in an attempt
to improve the Bland-Altman plot method. This package uses the Passing and Bablok
regression (PBreg), a non-parametric regression that has the same problem as the OLS
regression: it does not consider the measurement error of one of the variables into account
and, therefore, is also not the appropriate solution. This package has several functions with
large numbers of parameters. Although it is evident that the author invested a lot of time
and care in developing the package, there are no obvious tests to verify the bias or precision
ofits methods, and these evaluations are necessary for the Deming regression. Although
this package includes the Deming regression, it does not display it with confidence bands
and focuses on comparing it with the OLS regression, which (as the original authors of the
Bland-Altman plot method themselves state®’) should not be chosen. The parameters of
the package request the value of lambda, with a default of 1, but do not provide resources
to estimate it. Additionally, intercept and slope are not estimated together, which may
incorrectly lead to the non-rejection of equivalence. This issue is illustrated in the second
row of Figure 3. There is a small dotted rectangle drawn around the elliptical region of
the agreement test. If the slope and intercept are not considered together, any point
within this rectangle (i.e., any slope within its left and right limits, and any intercept
within its bottom and top limits) would result in a statistical decision of non-rejection
of the null hypothesis. However, the non-rejection decision should only be made when
the point (1,0) is within the elliptical region. In the example given, non-rejection was only
defined due to translation. It is important to note that without considering translation,
MethComp would not be able to detect that the Deming regression line did coincide
with the bisector.

We identified the package mcr* as the closest one to ours. However, its approach also has
limitations. This package includes a simple Bland-Altman plot without limits of agreement
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(LoA) using the plotDifference function. It also includes the Deming regression with the
mcreg function. However, similar to MethComp package, it uses a default lambda value of
1 without providing guidance on its estimation, which is an issue. The approach to bias in
the mcr package is somewhat incomplete and misguided. It uses the observed bias (y - x) as
the dependent variable and the observed reference measurement values as the independent
variable, without centering it by its mean value (x - %). Then, as shown in the examples of
the plotBias function, the mcr package lacks a clear statistical test for decision-making
and uses several variations of the Deming regression, which should be performed with true
values rather than observed values. The documentation of this function and of its regression
variants is obscure. The author was apparently unaware of the theoretical foundation of
Hedberg and Ayers®, which could have been used to develop a statistical test for accuracy.
Furthermore, the package has no functions to verify the equivalence of precisions, which is,
in practice, more important and more difficult to address than the bias between a surrogate
method and a reference method.

To our knowledge, this is the first time a single procedure brings together and applies the
results of Hedberg and Ayers*, Shukla®!, Shoukri*, and Linnet*, and provides a theoretical
basis for statistics related to accuracy, precision, and Deming regression, respectively.
This study also implemented analytical methods, bootstrapping, and easily interpretable
graphical outputs. Most importantly, although each function in our package can be used
independently (examples are detailed in the package documentation), we have created a
coordinating function that allows researchers to use a single command to generate a complete
report in plain text, HTML, or PDF from nothing but an Excel or similar file containing
datain a data frame. The elements in Figure 1, for instance, were extracted from the report
generated using the following command:

out <- eirasagree::AllStructuralTests(eirasdata::PEFR,
reference.cols=c(1:2),
newmethod.cols=c(3:4),
alpha=0.05,
out.format="html”)

In addition, eirasagree provides treatment for repeated measures, which is not done by the
other mentioned packages. It is common for researchers to take multiple measurements
using the same technique when comparing a new method to replace an established one.
Depending on whether unique or repeated measures are provided, eirasagree calculates
the value of lambda and automatically uses it in subsequent tests. This feature enhances
the package’s ability to handle repeated measurements effectively.

One of the most significant criticisms of both the traditional Bland-Altman plot method
and the discussed packages is the reliance on visual inspection for decision-making.
In this regard, eirasagree innovates by automating the recognition of lines or points
within the regions of bands or ellipses, providing decision indicators for the users. This
eliminates the subjective aspect of visual interpretation and increases objectivity in the
decision-making process.

Another innovative concept ofline translations was also introduced, allowing the assessment
of precision and bisector agreement even in the presence of unequal means between two
measurement techniques. Biased techniques that provide equal precision and agreement may
still be useful with a simple calibration or correction. Reversely, if a surrogate technique is
unbiased but less precise, it could be eligible as a screening step; however, if this imprecision
imposes risks to patients, the technique must be reviewed. In essence, the decomposition of
accuracy, precision, and agreement with the bisector line analysis can guide researchers in
determining where to focus their efforts to improve a new technique when full equivalence
is not achieved.

Notably, the axes used in the precision test are the same as those used in the original
Bland-Altman plot method. Contrary to the belief of many users, the original method,
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even under optimal conditions, aims to compare the precision of two measurement
techniques, not their equivalence. However, this comparison is not possible because the
original Bland-Altman bands (i.e., the so-called limits of agreement, LoA) do not represent
a confidence interval; they merely correspond to the limits of a Chebyshev interval'®".
Chebyshev’s inequality theorem provides information about the percentage of data that
is guaranteed to fall within a given interval, regardless of probability distribution. For
instance, in a normal distribution, approximately 95% of the data falls within plus or minus
two standard deviations around the mean, while according to Chebyshev’s theorem, a
minimum of 75% is guaranteed for any distribution. For comparison, Figure 1 illustrates
the original Bland-Altman bands and highlights that decision-making cannot be solely
based on whether or not the majority of points fall within the bands, because this is always
the case. Additionally, these bands cannot provide information about any regression
slopes, as they are always horizontal. The correct approach is to use the hyperbolic-shaped
95% confidence band, as shown in the precision tests on Figures 1, 2, 3, 4, and 5, which
allows for the assessment of the existence of a slope-zero line, considering the precision
between the two measurement methods. These bands can be inclined depending on the
precision relationship of the methods, thus leading to the rejection of the null hypothesis
of precision equivalence.

To compare two techniques, non-rejection of the null hypothesis is not enough, and the
acceptance of equivalence (the acceptance of the null hypothesis) is conceptually necessary.
Power computation obtained from a sample a posterioriis meaningless*’, which means that
planning sample size along with study design a prioriis crucial to preserve statistical power.
Budd et al. proposed at least 100 observations to claim the consistency of a candidate
measurement procedure applicable to different populations (item 6.3, page 12). This number
lowered to 40 after an analysis in more controlled laboratory conditions (item 7.2, page 15).
However, this same source deals with more than a measure of each technique from the
same patient, with average or median (which we disagree): it affects the computation of A,
wastes information, and, consequently, raises an ethical problem when invasive techniques
are under assessment. Linnet also approached this issue, stating that sample sizes between
40 and 100 usually need to be reconsidered* and that the ideal number depends on the
quotient between the maximum and minimum measurements, proposing numbers ranging
from small sample sizes to those in the order of 500 pairs of measurements (with mention
to numbers up to thousands). Some classic Bland and Altman examples applied here and
in many other published studies may be below the limit and only allow the rejection/non-
rejection of null hypotheses, lacking power to define true equivalence along the three
statistical steps presented in this study.

CONCLUSION

By preserving Bland and Altman’s principle of graphical communication and implementing
robust and suitable inferential statistics, it is possible to test whether two techniques
have full equivalence. This approach decomposes equivalence into accuracy, precision,
and agreement for measurement techniques, which helps find the source of problems
when full equivalence does not verify, making it possible to fix new techniques. The
use of the selected statistical methods using R provides automatized and standardized
outputs of an otherwise complex calculation, allowing for better communication
among researchers.

REFERENCES

1. Bland JM, Altman DG. Statistical methods for assessing agreement between
two methods of clinical measurement. Lancet. 1986 Feb;327(8476):307-10.
https://doi.org/10.1016/S0140-6736(86)90837-8

https://doi.org/10.11606/s1518-8787.2024058005430




RSP

Accuracy, precision, and agreement tests ~ Silveira PSP et al.

10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

22.

. Pesola GR, O’'Donnell P, Pesola GR Jr, Pesola HR, Chinchilli VM, Magari RT, et al.

Comparison of the ATS versus EU Mini Wright peak flow meter in normal volunteers. ] Asthma.
2010 Dec;47(10):1067-71. https://doi.org/10.3109/02770903.2010.514639

Misyura M, Sukhai MA, KulasignamV, Zhang T, Kamel-Reid S, Stockley TL. Improving validation
methods for molecular diagnostics: application of Bland-Altman, Deming and simple linear
regression analyses in assay comparison and evaluation for next-generation sequencing. J Clin
Pathol. 2018 Feb;71(2):117-24. https://doi.org/10.1136/jclinpath-2017-204520

Atkinson G, Nevill AM. Statistical methods for assessing measurement error (reliability)
in variables relevant to sports medicine. Sports Med. 1998 Oct;26(4):217-38.
https://doi.org/] 0.2165/00007256-199826040-00002

Shimada K, Kario K, Kushiro T, Teramukai S, Ishikawa Y, Kobayashi F, et al. Differences between
clinic blood pressure and morning home blood pressure, as shown by Bland-Altman plots,

in a large observational study (HONEST study). Hypertens Res. 2015 Dec;38(12):876-82.
https://doi.org/10.1038/hr.2015.88

Lo WL, Zhao JL, Chen L, Lei D, Huang DF, Tong KF. Between-days intra-rater reliability with a
hand held myotonometer to quantify muscle tone in the acute stroke population. Sci Rep.
2017 Oct;7(1):14173. https://doi.org/10.1038/s41598-017-14107-3

. Aasvee K, Rasmussen M, Kelly C, Kurvinen E, Giacchi MV, Ahluwalia N. Validity of self-reported

height and weight for estimating prevalence of overweight among Estonian adolescents:
the Health Behaviour in School-aged Children study. BMC Res Notes. 2015 Oct;8(1):606.
https://doi.org/10.1186/513104-015-1587-9

Jones M, Dobson A, O’Brian S. A graphical method for assessing agreement with the
mean between multiple observers using continuous measures. Int J Epidemiol.
2011 Oct;40(5):1308-13. https://doi.org/10.1093/ije/dyr109

. Taffé P, Halfon P, Halfon M. A new statistical methodology overcame the

defects of the Bland-Altman method. ] Clin Epidemiol. 2020 Aug;124:1-7.
https://doi.org/10.1016/j.jclinepi.2020.03.018

Parker RA, Scott C, InacioV, Stevens NT. Using multiple agreement methods for continuous
repeated measures data: a tutorial for practitioners. BMC Med Res Methodol. 2020
Jun;20(1):154. https:/doi.org/10.1186/s12874-020-01022-x

Creasy MA. Confidence limits for the gradient in the linear functional relationship. J R Stat Soc
B. 1956;18(1):65-9. https://doi.org/10.1111/j.2517-6161.1956.tb00211 .x.

Zou GY. Confidence interval estimation for the Bland-Altman limits of agreement with
multiple observations per individual. Stat Methods Med Res. 2013 Dec;22(6):630-42.
https://doi.org/10.1177/0962280211402548

Carkeet A. Exact parametric confidence intervals for Bland-Altman limits of agreement. Optom
Vis Sci. 2015 Mar;92(3):e71-80. https://doi.org/10.1097/0OPX.0000000000000513

Taffé P. Assessing bias, precision, and agreement in method comparison studies. Stat Methods
Med Res. 2020 Mar;29(3):778-96. https://doi.org/10.1177/0962280219844535

Christensen HS, Borgbjerg J, Barty L, Bagsted M. On Jones et al.’s method for extending
Bland-Altman plots to limits of agreement with the mean for multiple observers. BMC Med Res
Methodol. 2020 Dec;20(1):304. https://doi.org/10.1186/s12874-020-01182-w

Watson PF, Petrie A. Method agreement analysis: a review of correct methodology.
Theriogenology. 2010 Jun;73(9):1167-79. https://doi.org/10.1016/j.theriogenology.2010.01.003

Giavarina D. Understanding Bland Altman analysis. Biochem Med (Zagreb).
2015 Jun;25(2):141-51. https://doi.org/10.11613/BM.2015.015

Frost J. Chebyshev’s theorem in statistics. 2021 [cited 2023 Aug, 30] Available from:
https://statisticsbyjim.com/basics/chebyshevs-theorem-in-statistics

Savage RI. Probability inequalities of the Tchebycheff type. ] Res Natl Bur Stand, B Math Math
Rhys. 1961;65B(3):211. https://doi.org/10.6028/jres.065B.020

Silveira PS, Siqueira JO. R package: eirasagree; 2021 [cited 2023 Aug, 2]. Available from:
https://dataverse.harvard.edu/dataset.xhtml?persistentld=doi:10.7910/DVN/AGJPZH

Isaac PD. Linear regression, structural relations, and measurement error. Psychol Bull.
1970;74(3):213-8. https://doi.org/10.1037/h0029777

Thoresen M, Laake P. On the simple linear regression model with correlated measurement
errors. J Stat Plan Inference. 2007;137(1):68-78. https://doi.org/10.1016/j.jspi.2005.09.001

https://doi.org/10.11606/s1518-8787.2024058005430




RSP

Accuracy, precision, and agreement tests ~ Silveira PSP et al.

23.

24.

25.

26.

27.

28.

29.

30.

31.

32.

33.

34.

35.

36.

37.

38.

39.

40.

41.

42.

43.

44,

45.

46.

Hedberg EC, Ayers S. The power of a paired t-test with a covariate. Soc Sci Res.
2015 Mar;50:277-91. https://doi.org/10.1016/j.ssresearch.2014.12.004

Shukla GK. Some Exact tests of hypotheses about Grubbs'’s estimators. Biometrics.
1973 6;29(2):373. https://doi.org/10.2307/2529399

Glaister P. 85.13 Least squares revisited. Math Gaz. 2001;85(502):104-7.
https://doi.org/10.2307/3620485

Oldham PD. A note on the analysis of repeated measurements of the same subjects. ] Chronic
Dis. 1962 Oct;15(10):969-77. https://doi.org/10.1016/0021-9681(62)90116-9

Linnet K. Performance of Deming regression analysis in case of misspecified analytical
error ratio in method comparison studies. Clin Chem. 1998 May;44(5):1024-31.
https://doi.org/10.1093/clinchem/44.5.1024

Kummell CH. Reduction of observation equations which contain more than one observed
quantity. Analyst (Lond). 1879;6(4).

Strike PW, editor. Statistical methods in laboratory medicine. Chapter 11: A primer on control
and interpretation. Oxford: Butterworth-Heinemann; 1991.

Efron B. Bootstrap methods: another look at the Jackknife. Ann Stat.
2007;7(1). https://doi.org/1 0.1214/a0s/1176344552

Shoukri MM. Measures of Interobserver: agreement and reliability. 2nd ed. Boca Raton:
CRC; 2010.

NCSS Statistical Software. Deming regression. 2023 [cited 2023 Sep, 5]. Available from:
https://www.ncss.com/wp-content/themes/ncss/pdf/Procedures/PASS/Deming_Regression.pdf

Antonakis J, Bendahan S, Jacquart P, Lalive R. On making causal claims: a review and
recommendations; 2010. https://doi.org/10.1016/j.leaqua.2010.10.010

McCartin BJ. A geometric characterization of linear regression. Statistics. 2003;37(2):101-17.
https://doi.org/10.1080/0223188031000112881

Roberts S. Book review: Statistical thinking in epidemiology. By Y.-K. Tu and M.
Gilthorpe. Boca Raton: CRC; 2011. Aust N Z ] Stat. 2012;54(4):508-9.
https://doi.org/10.1111/j.1467-842X.2012.00675.x

Anscombe FJ. Graphs in statistical analysis. Am Stat. 1973;27(1):17-21.

Bland JM, Altman DG. Measuring agreement in method comparison studies. Stat Methods Med
Res. 1999 Jun;8(2):135-60. https://doi.org/10.1177/096228029900800204

Videira RL, Vieira JE. What rules of thumb do clinicians use to decide whether to antagonize
nondepolarizing neuromuscular blocking drugs? Anesth Analg. 2011 Nov;113(5):1192-6.
https://doi.org/10.1213/ANE.Ob013e31822c986e

Altman DG, Bland JM. Measurement in medicine: The analysis of method comparison studies.
JSTOR: Journal of the Royal Statistical Society. Series D (The Statistician).
1983 Sep;32(3):307-317.

Altman DG, Bland JM, Gallacher J, Sweetnam PM, Yarnell JWG, Rogers S.
Comparison of methods of measuring blood pressure. JSTOR. 1986 Sep;40(3):274-7.
https://doi.org/10.1136/jech.40.3.274

Bland JM, Altman DG. Applying the right statistics: analyses of measurement studies. Ultrasound
Obster Gynecol. 2003 Jul;22(1):85-93. https://doi.org/10.1002/uog.122

Datta D. blandr: a Bland-Altman method comparison package for R. GitHub;
2017 [cited 2023 Aug, 30]. Available from: https://github.com/deepankardatta/blandr

Peng M, Taffé P, Williamson T. MethodCompare: bias and precision plots.
2022 [cited 2023 Aug, 30]. Available https:/cran.r-project.org/web/packages/MethodCompare

Carstensen B, Gurrin L, Ekstrem CT, Figurski M. MethComp: analysis of agreement
in method comparison studies; 2020 [cited 2023 Aug, 30]. Available from:
https://cran.r-project.org/web/packages/MethComp

Potapov S, Model F, Schuetzenmeister A, Manuilova E, Dufey F, Raymaekers J.
mcr: Method comparison regression; 2023 [cited 2023 Aug, 30]. Available from:
https://cran.r-project.org/web/packages/mcr

Gerard PD, Smith DR, Weerakkody G. Limits of retrospective power analysis. ] Wildl Manage.
1998 Apr;62(2):801-7. https://doi.org/10.2307/3802357

https://doi.org/10.11606/s1518-8787.2024058005430




RSP Accuracy, precision, and agreement tests  Silveira PSP et al.

47. Budd JR, Durham AP, Gwise TE, Iriarte B, Kallner A, Linnet K, et al., editors.
EPO9A3-Measurement procedure comparison and bias estimation using patient samples:
approved guideline. 3rd ed. Pittsburgh: The Clinical and Laboratory Standards Institute; 2013.

48. Linnet K. Necessary sample size for method comparison studies based on regression analysis.
Clinical Chemistry. 1999 June;45(6):882-94. https://doi.org/10.1093/clinchem/45.6.882

Authors’ Contribution: Study design and planning: PSPS, JEV, JOS. Data collection, analysis and interpretation:
PSPS, JEV,JOS. Manuscript drafting or review: PSPS, JEV, JOS. Approval of the final version: PSPS, JEV, JOS. Public
responsibility for the content of the article: PSPS, JEV, JOS.

Conflict of Interest: The authors declare no conflict of interest.

https://doi.org/10.11606/s1518-8787.2024058005430




